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Abst ract - -The  extension of Pascal's triangle by defining binomial coefficients (~) for all integers 
n, r hM an interesting interpretation i terms of mod p arithmetic, for p an infinite prime integer. 
The different uses and interpretations of the classical binomial coefficients can be extended in varying 
deglees to the new ones. Two useful tools in this regard are a torus and a binary tree. 
The classic Pascal's triangle consisting of the classic binomial coefficients (~), for integers 
0 < r < n, is extended by extending the definition of binomial coefficient, such that, for all 
integers n, 
(0 ) -  ( : ) - -1 ,  (1) 
and, for all integers n, r, 
n ( r -1 )+(~)=(n+l )  except fo rn+l - - r=0.  (2) 
The equation in (2) will be called the sum rule. Conditions (1) and (2) determine a unique value 
for each (~). This same extension is arrived at, in [1], by using Taylor's series and a symmetry 
argument, and in [2], by extending the usual factorial formula. In the appendix, (15) provides a 
means for computing directly any particular (~). For n the row and r the column, values of (:) 
are tabulated in Fig. 1 for -5  < n, r < 5, with the "0" entries not being printed. 
1 
-4  1 
6 -3  1 
-4  3 -2  1 
1 - I  1 - I  
1-5  15-35 70-126 
1 -4  10-20 35 -56 
1 -3  6 -10  15 -21 
1 -2  3 -4  5 -6  
1 1 -1  1 -1  1 -1  
1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
Figure 1. 
The table, of course, goes off to infinity in all directions and the three nonzero regions are going 
to be thought of as three different parts of one infinite triangle, whose three corners all meet at 
the center. This will entail the use of modular arithmetic and two different ways of looking at 
this triangle will be to put it on a torus and to put it on a binary tree. 
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ON A TORUS 
In what follows, let p be a prime number and, for an integer n, let ne be the congruence class 
of n in mod p arithmetic. In the p x p square array determined by 0 < n, r < p, transform 
each (~) to (:)c" The resulting array is the mod p square, and the nonzero entries in this square, 
namely those with r < n, constitute the rood p triangle. The convention is adopted of using 
the integers - (p  - 1)/2 < n < (p - 1)/2 as the standard representatives of their corresponding 
congruence classes when p > 2, and the subscript "c" will be dropped from them when tabulating 
congruence classes. As an example, the mod 11 square is given in Fig. 2 with the "0" entries not 
being printed. 
1 1 1 -54-24-5  
11  -41  1 -4 -122-1  
121  -5 -31  1 -3 -5141 
1 3 3 1  -43-21  1 -23-455 
1 4 - 5 4 1  1 -11-111-11-11-1  
15-1 -151  1 
1 -54-24-51  11  
1 -4 -122-1 -41  121  
1 -3 -5141-5 -31  1 3 3 1  
1 - 2 3 - 4 5 5 - 4 3 - 2 1  1 4 - 5 4 1  
1 -11-11-11-11-11  15-1 -151  
Figure 2. Figure 3. 
The last row of a mod p triangle is always an alternation between lc and -1~, since 
(p - l )  [ (p..'-_.l)l. ] __ . _ : [ ( -1 ) - - . ( - r ) ] _  =[ ( -1 ) ]c . "  
r e (p -  1 -  r)!r! J~ r 1 ¢ r 
(3) 
The characteristics of the other rows can be derived in similar fashion. Two such results are 
p 2] = [ ( _ l ) . ( r+ 1)],, 
r ] c 
with the general case being, for 1 < i < p, 
¢ = [ ( i -  1)! o 
The next step is to roll the mod p square up into a torus, so row p - 1 comes just before 
row 0 and column p - 1 comes just before column 0. This, of course, suggests transforming the 
row and column labels to their congruence classes, so that the bottom row can be labeled either 
(p -  1)c or - l c .  The torus can now be rolled back out to a different square array, by cutting it 
just beyond row [(p - 1)/2]c and just beyond column [(p - 1)/2It. The result is a rearrangement 
of the mod p square such that the three corners of the mod p triangle all meet at the center. For 
p = 11 this results in the array in Fig. 3, and it can be seen, and also shown, that transforming 
the (n) in Fig. 1 to (n)¢ results in Fig. 3, i.e., the (n)¢ for - (p -  1)/2 < n, r < (p -  1)/2 are just 
a rearrangement of the mod p square. 
Now the real numbers can be extended to the hyperreal (or nonstandard real) numbers, which 
include infinite numbers and have the property that any first order sentence in the language used 
to define the reals has the same truth value when extended in the natural way to apply to the 
hyperreals. Thus, in the previous paragraph, p can be an infinite prime hyperreal integer, and 
the infinite mod p square can be rolled up into an infinite torus, which can be rolled back out to 
display in its central region the (n) originally defined for n, r real integers. 
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Viewing (~) in the above fashion allows for an extension of sorts of  the  combinatorial interpre- 
tation of the classic (~) as "n choose r." For example, the coemcient ("~) - 3 provides congruence 
class information about the number of ways to choose p - 4 things, given p - 2 of them, since 
= = = 3o. (6) 
C 2 ¢ ¢ 
The interpretation of the classic (r n) as coefficients in the expansion of (1 + z) n does and does 
not extend to the cases n < 0, depending on how one states the binomial theorem. Such will be 
the subject of another paper. 
ON A BINARY TREE 
It is fairly well known that reducing all the numbers in Pascal's triangle rood p results in a 
fractal structure, and this holds true for the extended Pascal's triangle. As an example, Fig. 4 
results from setting p = 5. Upon investigating this structure, one sees that the rood 5 triangle 
has attached to each of its bottom two corners a triangle identical to itself. If one then thinks of 
these attached triangles as being further identical to the rood 5 triangle in the sense that they 
have attached to each of their bottom corners triangles identical to themselves, one will have 
a new row of four triangles with the two middle ones superimposed, one on top of the other. 
Continuing in this way, a binary tree, with certain nodes superimposed, is generated, providing a 
new way to interpret, first, the fractal structure, and ultimately, the extended Pascal's triangle, 
which then helps to account for the one instance where the sum rule fails. This sketches briefly 
what now will be done in more technical language. 
The Frac~al Structure 
Rolling the rood p square up into a torus is equivalent to tesselating the plane with the mod 
p square. If one compares this with the result of transforming each (r n) in the original plane to 
(~)¢, which result will be called the rood p plane, it is seen that the rood p plane can be thought 
of as having each copy of the rood p square in the tesselated plane multiplied by some element 
of rood p arithmetic. Further, if one replaces each square by this element, the result is the mod 
p plane again, only it is magnified p-fold. This property indicates the fractal nature of the mod 
p plane. As an example, Fig. 4 is a section of the rood 5 plane for -35 < n < 34, -25 < r < 29. 
To express this property formally, let no, r0 be restricted variables, 
0 < no, r0 < p, (7) 
no so that the (ro)e are just the elements of the mod p square. Then let the (n, r)p square in the 
tesselated plane be the one gotten by translating the mod p square down n squares and to the 
right r squares, so that the elements of the (n, r)p square in the rood p plane are the Cnp+no~ \rp.l-rolC" 
The multiple of the (n, r)p square then is (n)e' i.e., 
(up+no)  = (n) ( )n0  (8) 
\ rp+ro  m'ffdp r r 0 " 
A formal proof of this result is given in the appendix. Since the pattern of the rood p plane 
is repeated in the multiples of the (n, r)p squares, it is repeated again in terms of squares with 
higher powers ofp. Thus, for integers 0 < i, let hi, ri be restricted variables, 
0 _< n,, ri < p, (9) 
(npk+~'~ko - '  n,p'~ Applying and let the (n, r)pk square in the mod p plane consist of the elements ~ rpk+~-~ok_l r, p' / e. 
(8) k times then gives the result 
(np '+~ko- ln ipS~ = (n )  n, (10) 
\ r l f l  q.~'~ko-lripi/ m--odp r 0 ri " 
Thus, the (n, r)p, square is a multiple of the (0, 0)p, square, the multiple being (~) .  
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1 
11  
121 
1-2 -21  
1 - I  1 - I  1 
I 
1 1 
I 2 1 
l -2 -21  
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
l 
1 
11 
121 
1 -2 -21  
ol 1 -11 1 -11  °11 
2 1 
1 22  1 1 
21 2 -12  121  
-2-2 1 2 1 12  1-2 -21  
-11  -11  2 -22  -22  1 -11  - I  1 
-2 -2 I 
1 -2-2  -2-2 11  
21  -21  -2 -21  -2 121  
• 2 -21  -2 -1 -1 -2  -2 * I -1 -2  1 -2 -21  
-11  -11  -22  -22  -2 -22  -22  -2 1 -11  -11  
-1 1 -1 1 
1 -1-1 1 I -1-1 11  
12  1 -1 -2 -1  12  1 -1 -2 -1  12  1 
1 -2 -2 1 -2 
1 I -2 -2  -2-2 11  -2-2 
1 2 1 -2 I -2 -2 1 -2 1 2 1 -2 1 -2 
1 -2 -21  o2-1 -1 -2  -2 -1 -1 -2  1-2 °21  -2 -1 -1 -2  
1 -11  -11 -22  -22  -2 -22  -22  -2 1 -11  - I  1 -22  -22  -2 
1 -1 1 -1 1 -2 
1 1 -1 - I  ~ 1 -1 -1 1 1 -2 -2 
12  1 -1 -2 -1  12  1 -1 -2 -1  I 2 1 -21  -2 
1 -2 -2 1 -1 2 2 -1 1 -2 -2 1 -1 2 2 -1 1 -2 .2  1 .2 -I  -1 -'J 
1-1 1 -11 -11  -11  -1 I -1 I -11 -1 1 -1 1 -11  -1 1 -11 -22  -22  -2 
-1 
I 1 -1-1 
121  -1 -2 -1  
I -2 -2 1 -1 2 2 -1 
1 -11  -11 -11  -1 I ° l  
1 1 -1 
1 I 11  -1-1 
12  1 12  1 -1-2-1 
1 -2 -21  1 -2 -21  -12  2 -1 
1 -11-11  1 -11-1  I -11  -11  -I 
1 2 1 -1 
1 I 22  11  -1-1 
1 2 1 2 -1 2 I 2 1 -1 -2 -1 
1 -2 -21  2112 1 -2 -21  -12  2 -]  
1 -1 1 -1 i 2 -2 2 °2 2 1 -1 1 -1 1 -1, 1 -1 1 -1 
1 -2 -2 1 -1 
11  -2 -2  -2-2 11  -1-1 
I 2 1 -21  -2 -21  -2 I 2 1 -1 -2 - I  
1 -2 -21  -2*1 -1 -2  -2-1 *1-2 1 -2 -21  -12  2 -1 
I -1 1 - I  1 -2 2 -2 2 -2 -2 = -2 2 -2 I -1 1 -1 1 -1 I -1 1 -1 
1 -1 1 -1 1 -1 
11  °1-1 1 I -1 -1  11  -1-1 
12  1 - I -2 -1  12  1 -1 -2 -1  12  1 - I -2 -1  
1 -2 -21  -122  -1 1 -2 -21  ol 2 2 -1 1 -2 -21  I -2 -21  *12  2 -1 1-2 °21  -122  -1 1 -2 -21  -12  2 -1 
I -11  -1 I -1 I -11  -1 1 -11  -11  - I  1 -1 I " l  1 -11  -111- I  1 -11 -1 I -11  -1 1 -11  -11 -1 I -11  -11  -11  -11 -11  -I 1 -1 
1 
l 1 
121  
1 -2 -21  
1 -11  -11 
1 1 
11 11  
12  1 12  1 
1-2 -21  1 -2 -2  I 
I -1 I -1 I 1 -1  1 -1 1 
1 2 1 
11 22  11  
121  2 -12  121  
1 -2 -21  2112 1 -2 -21  
] -1  I -11 .~-22-22  .~ -11  -11 
1 
11  -2 -2  -2-2 11  
12  1 -21  -2 -21  -2 I 2 1 
1 -2 -2  I -2 -1 -1  o2 -2 -1 -1 -2  1 -2 -21  
~.1 1 -11 :~ 2 .2  2 -2 "3 2 .2  2 .2  j .1 1 -11 
1 m 
I 1 -1 -1  11  -1-1 11  
12  1 -1 -2 -1  12  I -1 -2 -1  12  I 
1 -2 -21  -12  2 -1 1 -2 -21  -122  -1 1 -2 -21  
1 .11  -11 -11  -11  -1 1-1 I -11  -11  oi I -11 -11  -11 
1 1 
11  11  
121  121  
1 -2 -21  1 -2 -21  
1-11  -11  1 -11  -11  
1 l 1 
11  11  11  
12  1 12  1 12  1 
1 -2 -2 1 1 -2 -2 1 1 -2 -2 l 
1 -1 1 -1 1 1 -1 1 -1 1 1 -1 1 -1 I 
Figure 4. 
The Generating Principle 
For n = r = O, (10) is Lucas' theorem [3], and from it, one can derive an  expression for 
k i k A/'(~'~0ni p ), the number of nonzero elements in row ~-~o ni pi [4], namely 
N "'P' = 1-I(n, + 1). (11) 
0 
n i  This follows because (r,)c ~t 0c just in case ri < ni, and for a given nl, there are exactly ni + 1 
values of ri which satisfy this condition. Thus, in row pk _ 1 = ~"~0k-l(p - 1)p i, namely the 
bot tom row of the (0, 0)pk square, one has 
X(p  - i) = pk (12) 
Pascal's triangle 
while in the next row, namely ph _ 1. p~ + ~'~0k-10 .pi, one has 
JV'(pk)--2. (13) 
Further, one knows which 2 these are, since (~0 k) -- (~:) = 1. These are the top leftmost elements 
of the (1, 0)pk square and (1, 1)pk square and, hence, their multiples relative to the (0, 0)pk square. 
This suggests the following generating principle~ 
Each square generates two squares identical to itself, one attached 
directly under it, and the other attached to the right of that one. 
Thus, the (0, 0)pk square generates the (1, 0)pk square and (1, 1)pk square. The (1, 0)pk square 
generates the (2, 0)~k square and one identical to it in the position of the (2, 1)pk square. The 
(1, 1)pk square generates one identical to itself in the position of the (2, 1)pk square and also the 
(2, 2)pk square. Thus 2 squares identical to the (0, 0)pk square now overlap in the position of 
the (2, 1)pk square. But (~)c = 2e is just the multiple of that square. Further, these 2 squares 
will now generate 2 like themselves in the position of the (3, 1)pk square, and the (2, 0)pk square 
generates one like itself in the same position, so 3 such squares now overlap in that position whose 
multiple is (~)c = 3c. To generalize, the multiple (~")c of the (n,r)pk square is the congruence 
class of the number of (0, 0)pk squares uperimposed on top of each other in the position of the 
(n, r)ph square. 
Having generalized in terms of/c, the (n, r)p~ square (with pk elements on each side of the 
square) can now be specialized to the case k = 0, so that the (n, r)po square is the square with 
one single element in it, namely the element (rn)c, which can'be thought of as the multiple of the 
(0, 0 ) f  square, namely the element (°)c = lc. Further, upon assuming p to be infinite, the classic 
Pascal's triangle is now generated as a binary tree from one generator, namely the (0, 0 ) f  square. 
Then (r n) is the number of such squares overlaying each other at that position. The generated 
structure, with its continual branching and interleaving of the generated squares, is a complicated 
l~iemann-like surface. For the different interpretations which can be given to the classic binomial 
coefficients, this surface provides a way of explicitly picturing them, be it the number of ways of 
choosing, or number of subsets, or number of shortest ways between two gridpoints in a taxicab 
geometry. 
As one moves down the surface, (r n) remains finite as long as n is finite, but can become 
infinite for n infinite. For example, the number of superimposed squares at position (2-42) is 
(~-42) = (p - 2) (p - 3)/2, which is an infinite number. The number in the (0, 0)p square at 
p--2 p--2 position (p-4) is (f-4)c = 3c. Now (=4 2) = 3, which is to be expected from the fact that position 
(=42) = (-lp+p-~3 is in the ( -1 , -1 )p  square whose multiple is (--11) c = lc. Thus, elements in k-  1 p+p--4/  
the extended Pascal's triangle, namely nonzero values of (r") for n < 0, give congruence class 
information about the number of superimposed squares for positions infinitely far down in the 
binary tree structure. 
Since pc = 0c, one might picture each square being made of a material such that p layers 
of it are equivalent in some sense to no layers. For example, one might think of a single layer 
as rotating polarized light to the extent that p layers rotate it one complete revolution. The 
congruence class then tells the extent of rotation. 
The Failure of the Sum Rule 
The sum rule is derivable from the generating principle and the singular exception to that rule 
will now be looked at, from the point of view of that principle. According to it, the square at 
position (-~) and the one at position (o 1) each generate a square at position (0°), so there are two 
superimposed squares there, but only one is taken into account, the other being essentially cut 
off. This is akin to the discontinuity produced when one has a Riemann surface with overlapping 
layers, and one makes a cut so that only one layer is taken into account, as for example, when 
the complex plane has a cut along the positive real axis, where the angle measure then jumps 
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from 2r  to 0 instead of being extended continuously on an overlapping layer. Mod p arithmetic 
is similar in that the sequence of integers (think of them as being coiled on a cylinder) is cut, so 
that there is one circle of integers with a jump from p - 1 to 0. For the mod p plane thought of 
as a surface with a binary tree structure, there is a cut, either along the row boundary between 
(o x) and (0°), or along the column boundary between (°1) and (0), necessitating in either case a 
jump to (0°). 
The idea of a cut in the surface is helpful in resolving some of the puzzles which arise in 
attempting to extend the binomial theorem to the extended Pascal's triangle. This will be taken 
up in another paper. 
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APPENDIX  
An expression for the factorial ratio given in [2] can be rewritten as 
( s+ r)~ = s~[s+ r + ½ +(½ - 0 ~]~/M.  
iffil 
(14) 
By setting s = n - r to get an expression for n! and by setting s = 0 to get one for r!, it follows that 
n! I! ~ [n+ l q - (1 - i )  T~]rllrl 
(~) = (n----r), 7., = ;¥ [¥~- -~ 
i----1 
(15) 
Since (n) = (nnr ) ,  one can replace "r" in (15) by "n - r," and if one is actually computing the value, the one 
whose absolute value is smaller should be used, since that provides a smaller number of terms in the product, and 
further, avoids the trick of zero cancellation, as it is called in [2]. 
For notational economy in what follows, define 
Z~(n, 0 = In + ½ + ( !  _ i) ~ ]./l~l. 
2 II 
(16) 
One particular property of the mod p plane is 
Irp[ 
C; )  - I I  o r . ( .p , , )  = (lr) 
The rood p equivalence follows because in the first product there are [r[ terms in the form (up+ kp)/(rp+ kp) = 
(n + k) / ( r  + k), while all others in between these are in the form (up + kp + j)/(rp + kp + j) -~ modpl,  for 
1 < j < p. This result, along with (14), allows for the following derivation. 
(up+no) = (up+no)! 1] 
"rp+ro (rpTro)! (np--rp+no--ro)! 
_ (nv)t II~ '° #.o(nV + no, i) 1! 
- ( rv ) ! l - I ' : °SS"o(~V+ro ,  i) (nv - rV) !  '-'l"°-~°J'~ " - r0 . i )  111 Pno--rotnP -- rp + no 
17r° .o
I-[1 #.o(ro, i )  1"71"o-roJ - ro ,O  z Zl /3no-to (no 
= (~) no[ 1[ n no 
( -o - to) '  
(18) 
